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ABSTRACT

A most important structural design objective today is the reliable applications of com-
posite materials. Reliability is associated with the probability of success or failure of a par-
ticular structure and/or composite material. For this study, the reliability associated with
strength was investigated.

The objective was to develop a provabilistic anisotropic failure criterion and an ana-
lytical model which would account for the inherent strength scatter and enhance the struc-
tural reliability phase of composite design. This study analytically described the failure cri-
terion and probabilistic failure states of a anisotropic composite in a combined stress state.
Strength sensitivity and the failure mechanism within the domain of the combined stress
space was based on a numerical simulation of a theoretical mathematical model. The num-
erical simulation was analogous to physical testing of large composite sample sizes.

For the probabilistic and mechanistic independent case examined, the failure
envelopes as defined by the failure criterion exhibited a mechanistic dependent phenomen-
ological appearance. The size and shape of the resulting phenomenological failure enve-
lopes were dependent on the intrinsic shape parameters and their combinations associated
with the longitudinal strength and transverse strength. The probabilistic formulation of the
failure criterion could reconcile the difference between the phenomenologically coupled and
the uncoupled failure criterion. In addition, the probabilistic failure criterion would provide
analytical guidance for definitive experimental measurements. Finally, the probabilistic

failure criterion would provide the analytical conditions for optimal design and feedback in

composite material development and quality assurance.
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A I. INTRODUCTION 3
. .
One important structural design objective today is the reliable applications of 4
. composite materials. With respect to structural design, a first phase may establish the 'v
.: design mission requirements, i.e., the strength and stiffness requirements of a particular .
\ composite material. A second phase may determine the optimal composite material based .
! g
on the design requirements and trade-offs, i.e., the benefits and costs associated with a f:
: particular composite material. A third phase may determine the op:imal lamination :
) configuration by tailoring a particular composite, i.e., volume fraction of fiber and matrix, “
ply angles, number of plies and ply groups. A forth phase may determine the structural '
reliability of a particular composite. The structural design reliability phase was -
. characterized by evaluating the optimal structural stress or strength levels for an acceptable E
! number of probable successes or failures. Reliability was associated with probability E
) -
;' where structural performance and quality assurance were measured by the probability of ﬁ
success or failure of a particular structure and/or composite material. The objective of this ; :
.: study was to develop a analytical model for probabilistic anisotropic failure criterion which E
. would account for the inherent strength scatter (directional dependence) and quantify the '-
9 structural reliability phase of composite design.
? The reliability of a structure would be quantitatively evaluated by examining the state
of stress at every spatial location against the magnitude of the failure state as defined by the x
p failure criterion. Mathematically, this consisted of mapping of a stress tensor associated
: with the spatial domain of a particular structure into a failure domain. Operationally, the ;
spatial distribution of the stress state in a particular structure would be obtained by an -.
, appropriate branch of stress analysis (elasticity, viscoelasticity, plasticity, etc.), which were 3
. e
frequently implemented with many finite element analysis computer codes. The evaluation -
"

B

o
O A R e T P
L% % W R A A R N T R TR



o nay e ol tay catotad.v e 'aVe $0a 8fa A0 8% > Y 2 Bl B B e B R Bt B Rt g
e il Al AL At At e St TR N N SN SN N R Y R P Y NS PR O IR F O DR SO M N D R L gl (AN,

Wy,

S: of (proximity to) the failure state required a theoretical mathematical model of the failure

‘;:o state (as defined by the failure criterion). Many failure criterion have been proposed for

N different materials (isotropic and anisotropic, crystalline and amorphous, and homogeneous
¢ and nonhomogeneous composites) with different failure modes (yielding and brittle

.,“ failure). These failure criteria may be mechanistically or phenomenologically based.

’ This study analytically described the failure criterion and failure states of a
‘f‘: probabilistic anisotropic composite and was based on numerical simulations of a theoretical

's‘ mathematical model. Four domains (physical, stress, failure, and normalized) were

_ defined in this study in order to describe the spatial location of a particular structure in a

E prescribed space. In a physical domain, each spatial location of a particular structure was

i associated with a second rank stress tensor (°'ij) which had nine (9) scalar stress

A components on three (3) orthogonal planes and was a function of coordinate orientation. It

_j was cumbersome to represent a tensor higher than the first rank tensor in the failure

.. domain. For simplicity and without loss of generality, the physical domain in this study

y was restricted to:

Y
:' each spatial location was associated with a second rank stress tensor (Gij) which only
\] had two non-zero scalar normal stress components (61, 62) on one plane. (Ref. 1]

Furthermore, numerical investigations were confined to the first quadrant in order to

L4
define this normal stress domain. The stress domain was defined as a biaxial normal stress
L4

: state (G, 62) with both the longitudinal stress in tension and the transverse stress in
'y
3 tension.

" With the restriction that the shear stress components were zero, the magnitude of the
normal stresses at each spatial location of a particular structure was mapped into a
; respective point on the biaxial stress space. If all the stress points were interior to the
E domain bounded by a strength distribution (failure envelope), then the entire structure was

l'v-:‘.
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safe (0 < ¢j < Xj). If any of the stress points were exterior to the domain bounded by a
strength distribution (failure envelope), then the corresponding spatial location of a
particular structure was not safe (failed with oj > Xj). If the structure was monolithic 0
(single element), then tne entire structure failed. If the structure was redundant (load .
sharing), then failure at a spatial location increased the probability of failure of the entire 3
structure. This condition would not cause the direct failure of the entire structure. [Ref. 2] 0

The failure domain (failure criteria) was described by the failure envelope or failure
surface in the biaxial stress domain and was expressed for this study by a mean strength b
contour and a percentile strength contour. The failure domain was presented to identify the N

parametric role of the variability in the longitudinal and transverse strength on the size and O

S
2

[
T

shape of the failure criterion. The normalized domain was used as a radial loading path

transition to the biaxial stress domain.
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II. BACKGROUND

One of the primary objectives of composite design is to capitalize on the high strength
and stiffness-to-weight ratios, which are important attributes of composite materials. A
composite is made of two or more woven or nonwoven constituent materials which are
fiber-reinforced in a matrix. A fiber is a single filament which is formed in one direction
(unidirectional). Matrix binds the filaments to form a composite material. [Ref. 3]

Fibers are the principal reinforcing or load carrying agent of a composite material.
The primary function of matrix is to support and protect the fibers, to provide a load distri-
bution or load sharing mechanism for a weak fiber, and to provide micro-redundancy
within a composite material. [Ref. 4]

A frequently occurring consequence of composite materials is that the physical prop-
erties of the resulting materials become highly anisotropic [Ref. 5]. An anisotropic com-
posite exhibits material properties that vary with orientation or direction of the reference
coordinate system [Ref. 6].

Failure characterization of composites is defined by the level of observation. A phe-
nomenological approach may be used to address the probabilistic anisotropic failure criteria
for composite materials. The phenomenological approach treats the heterogeneous com-
posites as a continuum, and an analytical model is used to correlate the occurrence of the
material responses without necessarily explaining the mechanisms which lead to these
material responses. The incorporation of probabilistic phenomena in failure criterion will
provide the ground work for the mechanistic understanding of the interacting failure mech-
anisms. The failure characterization of anisotropic composites will be treated herein in
accordance with the fundamentals of the phenomenological approach, where: (1) conduct a

numerical simulation of the theoretical model, which is analogous to physical testing of

> ._ R .v,,q, ‘_-. ,:\ ~_-: Ay {\. EN R I " = N J_-: .r.; et .,. o V‘,. - ..:J : " ',p\‘ ‘.(‘.r_-"-ﬂql'\-'\,'f \".‘ ¢ ~ \\ --r .‘-_.-r\-; ,_-‘._“\'.
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numerous composite samples, and (2) evaluate and interpret the results of the numerical
simulation and infer the definitive experiments. The phenomenological approach is
intended to aid experimental design; to facilitate interpolation, correlation, and retrieval of
experimental observations; and may be valuable for identifying definitive experiments to
quantitatively measure the mechanisms for failure. [Ref. 7]

Failure criterion is an analytical description of the failure states of a composite mate-
rial subjected to a complex state of stresses or strains [Ref. 8]. Failure criterion may be
geometrically interpreted as a limiting envelope in the stress space, i.e., the condition for
composite failure occurs when a given stress vector penetrates the failure envelope or fail-
ure surface [Ref. 9]. In other words, the failure envelope or failure surface is the ultimate
limit (lower bound-worst case) for a combined stress or strain state as defined by the failure
criterion [Ref. 10]. Taking into account the statistical scatter, the analytical structure of the
failure envelope or failure surface was the objective of this study.

In the development of probabilistic anisotropic failure criteria model for composite
materials, the primary theoretical basis of this study in the biaxial stress domain was on the
two parameter Weibull model for the uniaxial longitudinal and transverse stress states and
the resulting joint probability distribution function for the combined longitudinal and trans-
verse stress states. The two parameter Weibull distribution and the joint probability distri-
bution were expressed as a function of the applied stress ratio radial loading path in the two
dimensional biaxial stress domain (G, 62). The Weibull distribution function was charac-
terized by an unimodal distribution and the joint probability distribution function was char-
acterized by an unimodal or bimodal distribution.

The combined stress state explored the statistical and mechanistic contributions of the

probabilistic independent and mechanistic independent case. Joint probability for this study

was defined as the intrinsic strength which was activated by the stress (o1) in the
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longitudinal or fiber direction is independent of the intrinsic strength which was activated
by the stress (02) in the transverse or matrix direction. The strengths were uncoupled and
the failure mechanisms were not interacting. [Ref. 11]

Mechanistic independence for this study was defined as a stress activated mechanism
where the stress components (61 and 62) are independent. The corresponding failure
mechanism in the strain space was coupled through the stress/strain constitutive relation-
ship (gjj = Sijk10k1). In this relationship stress was the independent variable and strain was
the dependent variable.

The two-parameter Weibull distribution was based on the reliability function R(X)
and was detined for this study as:

RX)=1-FX)
where:
(1) R(X) was the Weibull distribution reliability function.

(2) F(X) was the Weibull distribution failure function.

(3) R1(X1) =exp (-(X1/B1)®*1). The reliability function in the uniaxial longitudinal or
fiber direction.

(4) R2(X2) = exp (-(X2/B2)%2). The reliability function in the uniaxial transverse or
matrix direction.

(5) X1 and X2 were the random intrinsic strengths in the uniaxial longitudinal and
transverse directions.

(6) a1 and B were the Weibull shape and scale parameters in the uniaxial longitudinal
or fiber direction.

(7) o2 and B2 were the Weibull shape and scale parameters in the uniaxial transverse or
matrix direction. [Ref. 12]

As a result of joint probability (independence) assumption for the combined stress

states, the joint probability function was based on the Weibull reliability functions in the

16

B N

13

L IR S T ]

»

~

T T e T P T T N T T e, T T S A TP I e A T A T AP Tt T S
LAY 5 . o e B ) N ] ¢) - A



uniaxial longitudinal and transverse directions respectively and for this study was defined
as:
R(X) =R1(X1) *» R2(X2)

where:
(1) R(X) =exp [-(X1/BD +(X2/B2)%2)]

(2) F(X) = 1-R(X) = 1-exp [-(X1/B1)* 1 +(X2/B2)%2)]

(3) R(X) was the reliability function and was equivalent to the probability of success
associated with the random variables X1 and X2.

(4) F(X) was the failure function and was equivalent to the probakility of failure asso-
ciated with the random variables X1 and X?.

(5) X1 was the random intrinsic stress or strength in the longitudinal or fiber direction.

(6) X2 was the random intrinsic stress or strength in the transverse or matrix direction.

(7) o1 and B1 were the joint probability shape (A1 or alfal) and scale (B1 or betal)
parameters respectively in the longitudinal or fiber direction.

(8) 2 and 2 were the joint probability shape (A2 or alfa2) and scale (B2 or beta2)
parameters respectively in the transverse or matrix direction.

The joint probability failure envelope or failure surface of the failure criterion model
was represented for this study by a mean failure surface and a percentile failure surface.
The mean failure surface was the mean strength at which a number of samples failed for a
particular applied stress ratio. The percentile failure surface was the fraction of samples
which failed for a particular applied stress ratio. With respect to the intrinsic strengths, this
study explored the dependency of the mean and percentile failure envelopes on the shape

parameters (1 and a2). The shape parameters were expressed as a function of the com-

bined stress state.
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o
3 . NUMERICAL SIMULATION
£
i Material failure involves numerous complex processes, many simplifications were
)
.‘ unavoidable in the mathematical formulation of failure states and failure criteria. The
b
::;; asszssment of those underlying simplifying assumptions would only be made through
" comparison with experimental data. Experimental measurements and data collection were
¢
o very difficult for the evaluation of the combined stress states and the enormous number of
ok
e different stress ratios that were required to cover the entire six-dimensional (6-D) stress
- space. As it was impractical for the overall verification of the entire failure domain, one
3 must focus verifications at selected critical states. Numerical simulations may be used to
deduce the consequences of the proposed models and as a comparison to identify regions
where the predictions by different models were large.
‘, Appendix A and B described the development of the theoretical mathematical model
¥
‘ and the biaxial L/T numerical simulation respectively. The objective of this study was to
i develop probabilistic anisotropic failure criteria for composites. The failure criterion model
)
,, for this study was defined as a function of the applied stress ratio and the joint probability
J t
',s‘ distribution function scale (8] and 2) and shape (] and a2) parameters. The initial con- X
v ditions for the theoretical mathematical model and biaxial L/T numerical simulation were:
D
j:' (1) sample size = 199.
b
A (2) scale parameters f1 = 100 and B2 = 1.
o (3) shape parameters a1 = 60 and 2 = 5. ‘
w
f (4) seventeen (17) applied stress ratios in the physical domain were based on the trans-
- formed theta in the normalized domain and were equivalent to: 0, 10, 20, 30, 35, 5
4 39, 42, 44, 45, 46, 48, 51, 55, 60, 70, 80, and 90 degree radial loading paths.
-
’l
3
b 18
:
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A. CHANGES IN THE SHAPE PARAMETER

This study evaluated the effect of various high (a1 2 = 60) and low (] 2 = 5) com-
binations of the uniaxial shape parameters (] and o2) on the joint probability function.
The scale parameters (31 and 2) were fixed for this study.

The Coefficient of Variation (C.V.) is approximately equal to 1.2 divided by the
shape parameter (o) [Ref. 13]. As a result, h.gh shape parameter values were equivalent to
low dispersion or scatter, and low shape parameter values were equivalent to high disper-
sion or scatter.

The probability distribution function (pdf), which was the derivative of the joint
probability failure function F(S), illustrated the statistical dispersion (Figure 1). Figure 1
exhibited 1w dispersion or scatter for a high shape parameter combination (] = 60 and
o2 = 60) and exhibited high dispersion or scatter for a low shape parameter combination

(a1 =5 and o2 = 5). Figure 1 was based on the applied stress ratio at the zero (0) degree

0.3
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3(’@: radial loading path in the normalized stress domain (i.e., the uniaxial case along the longi-
& tudinal or fiber direction).

i?i At the applied stress ratios for the normalized stress domain zero (0) and ninety (90)
«.g:l degree radial loading paths, the joint probability function was equivalent to the Weibull
distribution functon in the uniaxial longitudinal and transverse directions respectively. As
a result, the joint probability function was characterized by a unimodal (one statistical
e mode) distribution (Figure 2).

::29 Figures 3 and 4 exhibited the combined stress state probability distribution functions
(pdf) at the applied stress ratio for the normalized stress domain forty-five (45) degree
o radial loading path. For the high-low shape parameter combination (] = 60 and a2 = 5)
) and the low-high shape parameter combination (a1 = 5 and a2 = 60), the joint probability

function was characterized by a bimedal (two statistical modes interacting) distribution.
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For the high (a1 = 60 and a2 = 60) and low(a] =5 and &) = 5) shape parameter combi-
nations, the joint probability function was not distinguishable from the unimodal
distribution.

It was observed that the joint probability function changed from an unimodal to a
bimodal distribution as the combined applied stress ratio changed. The bimodal distribu-
tion with the two statistical modes interacting was of special interest to the probabilistic

independent and mechanistic independent case.

B. THEORETICAL MATHEMATICAL MODEL
In order to investigate the shape of the failure surface, a numerical simulation was

used to study the theoretical mathematical model at seventeen (17) applied stress ratios for a
particular sample size and a particular high and/or low combination of the joint probability
function shape parameters (o] and a2). The numerical simulation explored the following
aspects of the theoretical mathematical model for a particular sample size, applied stress
ratio, and shape parameter combination in the stress domain:

(1) the joint probability reliability and failure functions

(2) the relative frequency strength

(3) the mean strength

(4) the percentile strength

(5) the mean and percentile strength contours.
For the theoretical mathematical model, the failure envelope or failure surface was defined
as:

(1) The mean strength contour which was normalized by the uniaxial scale parameters

(B1 and B2).

(2) The mean strength contour which was normalized by the mean strengths at the
uniaxial longitudinal and transverse radial loading paths.
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(3) The percentile strength contours which were normalized by the uniaxial scale
parameters (B and B2).

The mean strength and/or percentile strength contours were expressed at the seventeen (17)

applied stress ratios for a large sample size, and as a function of a particular shape pargme-
e

-
s

ter (o] and o2) combination.

C. BIAXIAL L/T NUMERICAL SIMULATION
In the stress domain the numerical simulation was used to study seventeen (17) dif-

ferent applied stress ratios for a particular sample size and a particular high and/or low

combination of the joint probability function shape parameters (ct] and a2). For the

numerical simulation a sample size (N) of 199 was selected and was based the concept of

Expected Rank, where the fractional probability was defined as N/(N+1). The most

important aspects of the numerical simulation for a particular sample size, applied stress

ratio and shape parameter combination in the stress domain were:

i (1) the intrinsic strength space

(2) the realized strength space

(3) therelative frequency strength space

(4) the joint probability strength space

(5) the mean realized strength at different biaxial stress ratios and the mean realized
s strength contour.

For the numerical simulation the failure envelope or failure surface was defined as:

(1) the mean realized strength contour of the seventeen (17) applied stress ratios for
199 samples and a particular shape parameter combination and was normalized by

the uniaxial scale parameters (1 and B2).
1 (2) the mean realized strength contour of the seventeen (17) applied stress ratios for

199 samples and a particular shape parameter combination and was normalized by
the mean strength at uniaxial longitudinal and transverse radial loading paths.
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A—BIAXIAL L/T NUMERICAL SIMULATION

Figures S, 6, 7, and 8 illustrated the numerical simulation for an applied stress ratio
equivalent to the forty-five (45) degree radial loading path in the normalized stress domain.
In order to develop an optimal experimental method for determination of the failure criteria
for a given composite material, one must infer the intrinsic strength space (ISS) from the
realized strength space (RSS). Figure 5 characterizes the intrinsic strength space (ISS) in
the stress domain for the probabilistic independent and mechanistic independent case and a

particular combination of the joint probability function scale (81 and B2) and shape (ot and

(2) parameters.

IV. RESULTS
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Realized Strength Space 6=45

Figures 6, 7, and 8 depicted the realized strength space (RSS) for an applied stress
ratio equivalent to the forty-five (45) degree radial loading path in the normalized stress
domain and a particular combination of the joint probability function scale (3] and B2) and
shape (a1 and o)) parameters. Figure 6 described the RSS for the composite samples
associated with fiber failure. Figure 7 described the RSS for the composite samples asso-
ciated with matrix failure. Figure 8 described the RSS for the composite samples which
failed by fiber and/or matrix. The failure modes were observed by the intermixing of the
opened and closed points.

Figure 9 was based on the initial conditions and exhibited the realized strength space
in the stress domain for five (5) different normalized applied stress ratios at the ten (10),
thirty (30), forty-five (45), sixty (60), and eighty (80) degree radial loading paths and for

the particular combination of the joint probability function scale (B] and B2) and shape (a{

26



OO T WY ST R R DT R T U
L)

Lo 0an” Ap"ata’ oin 080 i 0 Jiaft iy oy o

, and o) parameters. This RSS exhibited which composite samples failed by fiber and/or

by matrix for various applied stress ratios.
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Figure 9
; Realized Strength Space 6=10, 30, 45, 60, 80
b Figures 10 and 11 were based on the numerical simulation initial conditions for an

applied stress ratio equivalent to the forty-five (45) degree radial loading path in the nor-
malized stress domain and a particular combination of the joint probability function scale
(B1 and f32) and shape (] and ot2) parameters. Figure 10 described the biaxial relative
frequency strength space in the stress domain and Figure 11 described the biaxial joint
k probability strength space in the Weibull probability space. The biaxial relative frequency
[ strength space exhibited the fraction of the sample distribution which failed by fiber and/or
matrix. A unimodal Weibull cumulative distribution function appears as a linear function in
the Weibull probability space. Of particular interest to this study was that the joint

Y probability strength space was not linear. This was due to the bimodal condition where
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two statistical modes were interacting. For reliability, the lower tail of a particular sample

distribution was of major importance in the development of any failure criterion.
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Figures 12 and 13 described a mean realized strength contour in the stress domain
which was based on the numerical simulation of the seventeen (17) discreet applied stress
ratios and the joint probability scale (31 and B)) and shape (a1 and a2) parameters. Fig-
ure 12 was normalized by the uniaxial scale parameters (81 and B2) and Figure 13 was
normalized by the uniaxial mean strength at the applied stress ratios equivalent to the zero
(0) and ninety (90) degree radial loading paths in the normalized stress domain.

For the biaxial L/T numerical simulation, the mean realized strength contour defined
the failure envelope or failure surface in the stress domain. Biaxial stress states interior to
the domain bounded by the failure envelope or failure surface was the safe region. Biaxial
stress staies exterior to the domain bounded by the failure envelope or failure surface was

the unsafe region.
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Failure Envelope or Failure Surface
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Failure Envelope or Failure Surface

B. ANALYTICAL EVALUATION OF MODEL

Figures 14 and 15 described the theoretical mathematical model failure functions in
the stress domain for five (5) applied stress ratios and were based on the particular combi-
nation of the joint probability scale (B1 and B2) and shape (a1 and a2) parameters. The
five (5) normalized applied stress ratios were based on the zero (0), thirty-nine (39), forty-
five (45), fifty-one (51), and ninety (90) degree radial loading paths. The trends for
increasing the transformed theta from the normalized zero (0) degree radial loading path in
the longitudinal or fiber direction to the normalized ninety (90) degree radial loading path in
the transverse or matrix direction were that the failure function curves shifted to the left.

Figures 16 and 17 described the joint probability failure functicn and reliability func-
tion in the stress domain for the applied stress ratio based on the normalized forty-five (45)
degree radial loading path. By analyzing the longitudinal or fiber and the transverse or

matrix components of the reliability and failure functions, one observed, in this particular
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case, that there exists a transition area or crossover area, where the two joint probability ;

i

functions were a function of both components in the fiber and mairix directions. As a ~
.
result, both the reliability and failure functions were characterized by a bimodal distribution ¥
2
where two statistical modes were interacting. :
'I

Figure 18 exhibited the failure function at the applied stress ratio based on the nor- =
malized forty-five (45) degree radial loading path for the theoretical model with the numeri- A
cal simulation biaxial relative frequency strength space superimposed. Figure 19 exhibited .
the failure function and the longitudinal or fiber and transverse or matrix components of the )
Y
failure function with the numerical simulation biaxial relative frequency strength space ‘r-_
l’,
superimposed. Figure 19 exhibited the fiber and matrix transition or crossover area of the iy
sample distribution, which was characterized by the two failure function components 2
4
. . A
interacting. -3
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Relative Frequency Strength Space 6=45

Figures 20 and 21 exhibited the analytical mean strength contour evaluated at the sev-
enteen (17) applied stress ratios with the biaxial numerical simulated mean realized strength
contour superimposed. Figure 20 was normalized by the uniaxial scale parameters (1 and
B2). Figure 21 was normalized by the uniaxial mean strength at the applied stress ratios
equivalent to the zero (0) and ninety (90) degree radial loading paths in the normalized
stress domain. Either mean strength contour defined the failure envelopes or failure sur-
faces in the failure domain which was superimposed in the stress domain.

Figures 22 and 23 exhibited the analytical mean strength contour (failure envelope or
failure surface) which was normalized by the uniaxial scale parameters (1 and B2) with
the percentile strength contours (fail envelope or failure surface) at the ten (10) percentile
and the ninety (90) percentile superimposed. In Figure 23 the biaxial numerical simulation

mean strength contour was superimposed. From the theoretical model one would
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Figures 24, 25, 26, 27, ana ' 3 were based on the initial conditions and the particular

_—c

combination of the joint probability scale and shape parameters and exhibited the analyiical
failure distribution in the stress domain as a function of the changes in the applied stress
ratios. The normalized applied stress ratios were based on the fifty-five (55), forty-eight
(48), forty-two (42), thirty-five (35), and thirty (30) degree radial loading paths. The
objective was to analyze the unimodal and bimodal distributions of the analytical failure
function over a particular applied stress ratio range. At the normalized fifty-five (55)
degree radial loading path, the theoretical failure function was not distinguishable from a
unimodal distribution. This would indicate that practically all composite failures were
caused by matrix failure. At the normalized thirty (30) degree radial loading path the theo-

retical failure function also approached an unimodal distribution. This would indicate that
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.,. practically all composite failures were caused by fiber failure. The failure functions associ-

: ated with the normalized applied stress ratios at the forty-eight (48), forty-two (42), and

Q thirty-tfive (35) radial loading paths were characterized as a bimodal distribution by the fail-

§ ure function component transition or crossover region. This would indicate that the com-

& posite failures were caused by both fiber failures and matrix failures.

~ From this demonstration one could conclude that there existed a specific applied &
. stress ratio range where the failure function as well as the reliability function would exhibit 1
."4 a bimodal distribution and a specific applied stress ratio range where both functions would

[ exhibit an unimodal distribution. Of primary interest was the bimodal distributions where

‘ two statistical modes were interacting. .
: Figures 29, 30, and 31 were based nn the initial conditions and an applied stress ratio :

normalized at the forty-five (45) degree radial loading path and exhibited the theoretical h

failure function in the stress domain as a function of the changes in the joint probability

L

shape parameters (o] and o). Figures 29 and 31 exhibited that the failure functions

associated with the high-high (a1 = 60 and a2 = 60) and low-low (] =5 and a2 = 5)

.“;"..". :’:';' P S S S AN

joint probability shape parameter combinations were not distinguishable from the unimodal
distribution. Figure 30 exhibited that the failure function associated with the medium-low

(a1 =20 and a2 = 5) joint probability shape parameter combination was characterized by a

=
-

- bimodal distribution.

o From this demonstration one could conclude that the bimodal distribution was

attributed to the degree of dispersion or scatter as exhibited by the various combinations of
the joint probability shape parameters. A high-high joint probability shape parameter com- :

(" bination would exhibit a very narrow applied stress ratio range for the bimodal distribution.

A low-low joint probability shape parameter combination would exhibit a large applied
z,

- stress ratio range for the bimodal distribution. As a result, a high-high joint probability
:
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shape parameter combination was recommended for little or no dispersion (scatter) in the
stress domain.

Figures 32 and 33 exhibited the analytical mean strength contours which were based
on the initial conditions, the seventeen (17) applied stress ratios, and changes in the joint
probability shape parameters (] and &2). The resuits indicated that the failure envelope or
failure surface area decreased in size with decreases in the joint probability shape parameter
combinations. In addition, the results indicated that the failure envelopes or failure surfaces
changed from an independent appearance at the high-high joint probability shape parameter
combination (] = 60 and a2 = 60) to a dependent appearance for the remaining joint

probability shape parameter combinations.
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Based on a Weibull weakest link (L) formulation [Ref. 14]:

B2 = Bi (%_)-1/0(

where

B2 < B ifa>1and

forLy>L;

The objective was to demonstrate the role of the shape parameter () on the size and mean
strength of a particular structure. If the size of a particular structure increased (L2) with the
shape parameter (o) fixed, then the mean strength would decrease based on B2 <By. In
addition, if the shape parameter (o) decreased (increased dispersion) with the size fixed,
then the mean strength of a particular structure would decrease based on B < B1.

From this demonstration one could conclude that a high-high shape parameter combi-
nation exhibited a large failure envelope or failure surface (safe region) with little or no
dispersion (scatter) and a very narrow range where the two failure statistical modes
interacted. In other words, the size and shape of the failure envelope or failure surface was

largely dependent on the joint probability shape parameters (] and a2).
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V. CONCLUSIONS AND RECOMMENDATIONS

For the probabilistic and mechanistic independent case, the failure envelope or failure
surface as presented by a mean strength contour (failure criterion) in this particular study
gave the phenomenological appearance of mechanistic dependency. This resuit would give
the erroneous inference that the intrinsic strengths were coupled and dependent, and the
failure mechanisms were interacting. Whereas, this study demonstrated that the size and
shape of the phenomenological failure envelope or failure surface were dependent on the
strength variability of the uniaxial shape parameter (a¢] and o) combinations.

This study covered the two dimensional probabilistic independent and mechanistic
independent case. As for recommendations, further analysis in three dimensions (including
the case where the shear stress is non-zero) is required as well as an extension to the other

three cases:

1. probabilistic dependent and mechanistic independent case.
2. probabilistic independent and mechanistic dependent case.
3. probabilistic dependent and mechanistic dependent case.

The objective is to infer the intrinsic strength space from the realized strength space
via a numerical simulation of an analytical model for each of the four cases. Numerical
simulation would identify the cause (or modes) of failure whether it was by fiber failure, or
by matrix failure, or by shear failure. The failure mechanisms cannot be readily identified
with the analytcal model. Such understanding would form definitive recommendations for
composite material development, such as identifying the benefits associated with improving
the fiber or matrix or the interface in order to achieve the desired reliability under combined
stress state conditions. Identification of the failure modes by numerical simulation would

also aid the definition of experimental detection techniques for quality assurance.
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APPENDIX A
o THEORETICAL MATHEMATICAL MODEL

A The theoretical model was derived for a stress domain and was expressed as a func-
tion of a strength vector, an applied stress ratio (radial loading path), and the joint
probability function shape (o) and scale (B) parameters. The applied stress ratio in the

normalized domain (normalized by B] and 32) was equivalent to the transformed theta (6

and was defined as (Figure 34):
2 01 =tan "1 [(c2/01) * B1/B2) ]
by where:

o (1) 02/01 =tan (81) * (2/B1) in the normalized domain.

' g1 =100
[32 =1
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The applied stress ratio in the stress domain was equivalent to the physical theta (8) and }:
o

was defined as:

8 =tan-1 (62/01). .

The transformed theta was used in determining the physical theta in the stress domain.
kY
Therefore, the applied stress ratio in the stress domain for this study was defined as (Figure Ny

35): -4

0 = tan-1 [tan (81) * (B2/B1)] )

-
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Figure 35
Applied Stress Ratio in Physical Domain
In the stress domain the stress component in the longitudinal or fiber direction was

defined by a strength vector (S) as:
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.

o1 = (ISI) * cos ().

47

e e e L e et Lt o o M A 2,

o B 0 BV W I V0 400 W0, WV 5% 0% D0 e 5% 1% 19 0% 0%, 15,



The stress component in the transverse or matrix direction was defined by a strength vector

(S) as:

o2 = (IS1) * sin (0).

Based on joint probability [R(ISI) = R1(IS!) * R2(ISI)], the theoretical model reliability

function in the stress domain was expressed as:

R(ISI) = exp [-(Sl«cos (8)/B1)*11*exp [-(Sk*sin (8)/B2)®*2].

The theoretical model failure function in the stress domain was defined as:

F(ISh =1 - R(ISDH
F(S)) = 1 - [exp [-(ISlxcos (8)/B1)%1]*exp [-(ISt*sin (8)/B2)%2]].

where:
(1) R(IS!) was the joint probability reliability function.

(2) F(ISI) was the joint probability failure function.

(3) (ISD) * cos (8) was the strength component in the longitudinal or fiber direction as
defined by the strength vector (S).

(4) (IShH * sin (8) was the strength component in the transverse or matrix direction as
defined by the strength vector (S).

(5) o1 and 1 were the joint probability shape (A1 or alfal) and scale (Bl or betal)
parameters respectively in longitudinal or fiber direction.

(6) a7 and B2 were the joint probability shape (A2 or alfa2) and scale (B2 or beta2)
parameters respectively in transverse or matrix direction.

The theoretical model defined the fail envelope or failure surface by a mean strength

distribution or contour and a percentile strength distribution or contour for the seventeen

N e T et e Bt L L



(17) applied stress ratios, a particular sample size, and a particular combination of the joint
probability shape parameters (¢t] and a?).
The theoretical mean failure surface, as defined by a mean strength distribution or

contour, was derived from the concept of Expected Value [Ref. 15]:

= J xf(x) dx

u = J [1-F(Sh)] ds

where:
(1) 1-F(S)) is the theoretcal reliability function [R(ISI)].
A Gauss Quadrature method for the integration of the Expected Value mean
(L= f [1-F(IS1] ds] was used to find the mean strength distribution or contour (Appendix
D). The percentile failure surface, as defined by the percentile strength Jdistribution or

contour, was an iterative process of the failure function F(ISi) (Appendix G).
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APPENDIX B
BIAXIAL L/T NUMERICAL SIMULATION

The numerical simulation of a theoretical model was equivalent to actual experimental
testing. The biaxial L/T numerical simulation was a function of intrinsic strengths, an
applied stress ratio (radial loading path), and the joint probability function shape (o) and
scale (B) parameters. The applied stress ratio in the normalized domain (normalized by B

and P2) was equivalent to the transformed theta (8) and was defined as (Figure 36):

8 =tan"! (T/L = B1/B2)

where:
(1) T is the transverse stress in the matrix direction.

(2) L is the longitudinal stress in the fiber direction.

L
B2 B1 =100
[32 =1
1 S -STRENGTH
VECTOR
S 0 -TRANSFORMED
6 THETA
O  -SAMPLE
L
1 51
Figure 36
Applied Stress Ratio in Normalized Domain
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The transformed theta was used to determine the biaxial L/T (longitudinal/transverse)
applied stress ratio in the stress domain. Therefore, the applied stress ratio in the stress

domain for this study was defined as (Figure 37):

BIAXIAL L/T = (B1/B2) / tan (6).

T S -STRENGTHVECTOR g1 =100
g2 =1
9 -PHYSICAL THETA
O  .SAMPLE
1
S
9
100 L
Figure 37

Applied Stress Ratio in Physical Domain

The biaxial numerical simulation was based on the joint probability reliability function

[R(X) = R1(X1) * R2(X2)]. The numerical simulation reliability function and failure

function in the stress domain were defined respectively as:

R(X) = exp [-(X1/B1)*1+(X2/B2)%2)]
F(X) = 1-R(X) = l-exp [-(X1/B1)*1+(X2/B2)%2)]
where:

(1) R(X) was the reliability function and was equivalent to the probability of success
associated with the random variables X1 and X3.
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(2) F(X) was the failure function and was equivalent to the probability of failure asso-
ciated with the random variables X1 and X».

F R NV N NN A R

(3) X was the random intrinsic strength in the longitudinal or fiber direction.

(4) X2 was the random intrinsic strength in the transverse or matrix direction.

(5) a1 and B1 were the joint probability shape ( Al or alfal) and scale (B1 or betal)
parameters respectively in the longitudinal or fiber direction.

y (6) o2 and B2 were the joint probability shape (A2 or alfa2) and scale (Bl or beta2)
) parameters respectively in the transverse or matrix direction.

For the numerical simulation X /X2 was the intrinsic strength ratio and biaxial L/T
was the applied stress ratio in the stress domain. Under a combined stress state, the fol-

lowing strength and stress conditions in the realized strength space were evaluated by the

numerical simulation:
(1) If X1/X2 < biaxial L/T, the composite failed by fiber (Figure 38).
(2) If X1/X2 > biaxial L/T, the composite failed by matrix (Figure 39).
(3) If X1/X2 = biaxial L/T, the composite failed by both fiber and matrix. [Ref. 16]

T a -FIBER
- -MATRIX

X2
X2

X1 X1

Figure 38

Composite Fails by Fiber
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Composite Fails by Matrix

Joint probability for this study was defined as the intrinsic strength which was acti-
vated by the stress (1) in the longitudinal or fiber direction was independent of the intrin-
sic strength which was activated by the stress (62) in the transverse or matrix direction.
The strengths were uncoupled and the failure mechanisms were not interacting. An exam-
ple follows (Figure 40):

Take a composite that has high strength in matrix (X2') and low strength in fiber (X1,
the composite sample failed by fiber. Take a composite that has medium strer.gth in
matrix (X2") and medium strength in fiber (X1"), the composite sample in this case
failed by fiber. Take a composite that has low strength in matrix (X2") and high
strength in fiber (X1™), the composite sample failed by matrix. [Ref. 17]

For the numerical simulation the absolute intrinsic st:engths for each sample defined
the intrinsic (not observable) strength space (ISS) via a spatial point in the biaxial stress
domain. The combined strength-stress ratio comparison defined the realized (observable)
sirength space (RSS) via a strength vector in the biaxial stress domain.

The biaxial numerical simulation failure envelope or failure surface in the stress

domain was defined by a mean strength distribution or contour, where the mean strength

was defined as the sum of the realized strength vectors divided by the number of samples

7

j AP
P

U o w7 sl
N A N

N

o
AR

'vm

j
‘,

{'\{'&‘" -(ﬁ,

Y
e

]

o o Fon 4
AR

Y Y -“PK‘{Sf "f.:‘“.l"f ',‘ FL }' y

[ A W

A4

3
YR )

hnTh'y
[

[d

.
4

0

, ‘.l/.l'.'l':- b ;

"|/l"i'!. .‘v s

»

P




el 8 R G h A A N M alh ey
T \ AR VT S S ALY

T 0 -PHYSICAL THETA

a -FIBER

| -MATRIX
x2'
X2"
xa™

0
X1 X1 X1 L
Figure 40

Joint Probability (Independent) Realized Strength Space

for each of the seventeen (17) applied stress ratios, and was a function of a particular sam-
ple size and a particular combination of the joint probability function shape parameters (o]
and a2).

Appendix C exhibited two biaxial L/T numerical simulation worksheets. One was to
describe the formulation of the numerical simulation. The second was to provide an exam-

ple of the numerical simulation.
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APPENDIX C
NUMERICAL SIMULATION FORMULATION

The most important aspects of the biaxial L/T numerical simulation [Ref. 18] for a

particular sample size, applied stress ratio and the joint probability scale (31 and 32) and

shape (@] and a2) parameters in the stress domain were:

(1) the intrinsic strength space

(2) therealized strength space

(3) the relative frequency strength space

(4) the joint probability strength space

(5) the mean realized strength and the mean realized strength distribution

The first worksheet described the formulation of the numerical simulation. The

second worksheet provided an example numerical simulation that was based on a sample

size of 19, an applied stress ratio normalized for the forty-five (45) degree radial loading

path, and the joint probability shape (1 = 60 and o2 = 5) and scale (1 = 100 and B2 = 1)

parameters. The worksheets were based on Microsoft Excel software.

............ LR VRS R
- ._‘r._"..' " _.J‘.-J'.’:f\-f\.




{ieyed{ieiaqiNT. 1 ee+{{eea- 1INT- INTIIdX3= 100000 0+{JaNVH= 100000 0+{JaNVY= 1+8EV=[ 6 €
(ieype/dliersqINT. 1 e)e+{{gega- 1INT-INTdX3= 100000 0+ (JANVH= 100000 0+{)JaNVH= L+/€v=| 8 €
(rejedieraq)NT.1epe+{{zeg- 1IN INTdX3= 100000 0+()gNVYH= 100000 0+(JaNVH= 1+9ev=[ 2 ¢
(tepe/{ieraqINT. 1 eyre+{{9ea- 1INT-INIAXI= 100000 0+{JaNVH= 100000 0+{}aNVY= L+gev={9¢
(ieyedieiaq)NT. 1 ee+{{sed-1INT-INTIIX3= 100000 0+{)JONVH= 100000 0+{JaNVH= L+PEV=[ S €
{1egie/{limeq)NT. 1eje+{{Fe@-1INT- INIIX3= 100000 0+{()aNVY= 100000 0+()aNVH= L+eev=| v e
(1eye/(iereq)NT. 1 epe+{{eea-1INT- INT)dX3= 100000 0+)ONVY= 100000 0+()aNVH= 1+2ev=| e ¢
{ieyeld{ieiagqInT. 1ene+{{zea-tINT INTHdX3= 100000 0+(JONVH= 100000 0+(}JgNVH= t+iev=[e¢
Orege/ieraq)NT.iee+{{1eg-1INTINTdX3= 100000 0+()aNVH= 100000 0+()aNVY= L+oev=] L g
(1eye/{ieraq)NT. tejie+{{oeg-1 INT-INTIdX3= 100000 0+(}ONVY= 100000 0+{JaNVH= L+62v=[o¢
{ieyied(1eraqINT. teje+{{628- 1 INT-IN1)dX3= 100000 0+(JONVY= 100000 0+{JgNVY= 1+82v=[6¢
(1eyied(ieraq)nT. Leye+{{a2a-LINT-INTdX3= 100000 0+{)ONVYY= 100000 0+{}ONVY= 1+22v=]18¢
(reje/{lieregq)NT. tepe+{{zza- L INT-INNdX3= 100000 0+{JONVH= 100000 0+{)gNVH= 1+9gv=[ L2
(1eyie/{ieraq)N. Leye+{{928- LINT-INTVdX3= 100000 0+{)JaNVY= 100000 0+{JONVH= 1+cev=[ 92
(ieyredlieroq)NT. 1epe+{{szg-1INT-INTdX3= 100000 0+)aNVH= 100000 0+()aNVYYH= L+y2y=
Greye/lliersqINT. tejie+{{vza-1INT-INTdX3= 100000 0+()ONVY= 100000 0+{JONVY= L+ETVY=
Tiepe/llieaging.1epe+{{eza- 1IN INTNdX3= 100000 0+{JONVYH= 100000 0+{)JaNVH= L+22v=
{i1ejed{ieiaq)nT, 1ene+{{z2a-1INT- INTdX3= 100000 0+(JaNVY= 100000 0+{)aNVH= L+12v=
{iepe/{(1eeqINT, 1 eye+{{1zg- 1IN INTIX3= 100000 0+(JONVH= 100000 0+{}aNVy= 1
1 vquinu Jaquinu
:umcwzn wopuel wopuel
JELIF
uonosaip 1a8qiy uonoelip uonosaIp

1o jeuipmiBuo); syl ur yibusns oisuljul eInjosqe

Xijew 10 9sioAsuel)

13Q1) 10 [euipnjibuo]

Saulep (g UWNod

8yl Ul yibuans

syl ur yibuans

S1SUINUI  BAIIE[3)

2ISUMIUI  @AnE[8]

Sauldp O UWNjOD

saulap g uwnod

{ssI) 8oeds ~ Kjaanoadsas siajewered

yibuans oIsuujul 8yl Buyep 3 pue g SuUWN|0D ojess pue edeys ae
Elaq pue ejje

i 2eiaq

EITN BlaY] pawliojsuen S 2eje

ueipel 001t 1e1aq

i1/71etxeiq ejayy |eoisfyd 09 Lejie

QNI eV~ D|DO|m N0
v-Nﬁ'mONQQFFPPF—PPPPNNNNNN

¢)

LR . -

56

Al

o
| SV e

LA Al

-

Al

»

* - .n.
CaXad

e A, "
GULN ¢




T AW

-

'}

HI TR i aNE gFR aTL g%h 18

:
:

ey . o S a5

»\I l...lv("tfl I’."’.’I -'.‘

= o SR e P B e A S 3 X SN SN LT e

[ ] Ly
oy
{100 0"1eIxRIq/6€Q [EIXBIG>6ES) 1= {100 0'6eQ’1EIXRIG>6E4) 4= 6€3/6£0= (zene/l(zeraqINT.2ene+{{6e0- LINT-INIIX3=| 6 €
{100 o'jeixeig/geqiexeiq>ge 3l 41= {100 0'8eqQ’ieIXRIG>8E S} d)= 8€3/8£Q= (zejie/{(zeraqiNT.ce4ie+{{8€0-1INT-INT)IdX3=[ 8 €
{100 0'1exeiq/zeq’iexeiq>e4)d)= {100°0'2eq'1exeIg>ZE4)d1= L€3/1€0= (eeyed{zeroq)NT.zeie+{{Ze0-1INT-INTNIX3=| L €
{100 0'leIxe1q/9cq 1eIXRIq~9E 1) 41= {100 0'9eq’IexeIg>9€ 4] 1= 9€3/9€Q= (Zejie/l(zeiaq)NT.2cesie+{{9eD LINT-INTIdX3=[ 9 ¢
{100 0"1eIxig/seqa’eIxeiIg>Ge 31 3i= {100 0'seq’IRIXRIg>GES) J|= $€3/5€Q= (zeyie/{(zeiag)N1.eejie+{{sed- 1INTINNIdX3I=| S €
{100 0"1eIxeIq/PEQ’IRIXRIG>PE 4] 1= {100°0'veq’ieixela>pe4)41= tE€3/vEQ= {zeje/dlzeioqINT.ceye+l{{peD- 1IN INIX3=] ¥ £
{100 0"1eIxeIg/EEQ IEIXRIQ>EE ] I= {100 0'ceqneixeig>ged) 1= £€3/€£0= {(zene/l{zeroq)Ni.2ede+{{eed- 1INV INTIdX3=| € €
{100 0'ieixeiq/zeq’iexeig>ze 41 41= (100 0'2eqQ’IexeIq>Ze4141= 2€3/2£Q= {zene/l(zer1oq)N1.cele+{{zeD-1INT-INTIAX3=[ 2 €
{100 01eixeiq/LeQ iEIXRIG> L€ 4) 1= {100°0'1eq’1exeIg> 1 g4)d1= LEJ/IEQ= (zeyre{(zeroqINT.2esie+{{1€D-1INT- INTNIXI=| L €
{100 0"1eixeiq/oeq iEIXEIG>0E3) d1= {100 0'0eQ1eIxe19>0E4) 1= 0€3/0€Q= (Zeyie/{{zeroq)N.zesie+{{oeD- LINT-INTIIdX3=] 0 €
{100 0'ieIXRIqQ/620 IBIXRIG 62 ) 4= {100°0'62Q 1eIxRIq>62 ) 1= 623/620= (zeyie/{(zeroqINi.ze)e+{{620-LINT-INTNdX3I=] 6 2
(100 0"1e1xe1q/82a’1e1XRIG>82 ) 41= {100 0’820 1e1xe19>8Z §)41= 823/820= (2eje/l(zereqiNi.zeie+{{8zD-1INT1-INT))dX3=[ 8 2
{100 0'|eIxeIq/72Q IBIXRIQ> 2 3V 41= (100 0'22Q'1e1XR1IG> 72 4) 41= l23/120= (zejie/{(zerogq)NT.2epe+{{220- 1INV INTIAX3I=[ L 2
{100 0"1eixeiq/gzq’texeiq>9z 4741= {100°0'92Q'1elxe19>92 §)4)= 923/920= (zejedl(zerag)NT.2ee+{{920- 1 INT-INTIdX3=| 9 2
(100 0'jeIxeiq/5zQ |eIxelq>gg4) 1= {100 0'520'1e1XRIQ>GZ 4) 4= $23/520= (zejie/{(zeiag)Ni.2ene+{{seo-1INT-INTIdX3=]| s 2
{100 0" 1exeiq/vzQ IRIXRIG> Y2 ) 31= {100°0'veaIexeIg>pe4)d)= v23/v2Q= (zejre/{{zerag)NT.2edie+{{p2o- 1 INT-INTAX3I=] P 2
{100 0'1eixeiq/eza’|eIxeIq>gZ 1 41= {100 0'czqa’iexeig>gz ) 41= €23/€20= {zejie/l{zeiaqINT.cedie+{{ezD-1INT-INTIIX3=[ € 2
{100 0'1eixeIq/zzQ IR IXRIq>22 J) 41= {100 0'22a’1eIxeIg>22 ) 41= 223rk2a= (2eje/l(zereq)NT.2ejie+{{z2D-LINT-INTNdX3={ 2 2
{100 0"jeixerq/1zq’1eIxeIq> 1 24)41= {100°0712a(exeIg>124)41= 123/12Q= (zeyie/{{zerogINi.zene+{{(12D-1INT-INTNIX3=[ L 2
1 il X 71X exjoz
s|iey Sjie} yibuensf et
18q14 19q14 xulepnf el
Ll
91
85y Jeql elnjie} 1aqiy olel uonoslp xujew] ¢ L
yum pajeidosse yibuans xujew yum pateposse yibuans laqy yibuans 10 @sieasuesy eyl ul Yybuens aisunul enjosqe| v 1
sauyep H uwnjod sauysp © uwnjod EIETNITT sauysp J uwnod| gt
sauyep i
4 uwnjoo [
0l
ones ssans paidde |/ jeixelq o) 6
ones yYbuans aisuul jo uosuedwod {ssH) eoeds ssans 8
ey} aje f O} ©) SUwWNjOI pazijeal 8yl suldp (¢ 0} © SUWN[OD L
9
S
v
st| ¢
e1ay).(081/8/25€592651v1 €)=| T
(ueiper)nvl/(ce1aq/ieiaql=] 1

H 9 ] 3

e s S

57

-
o,

L

PRGN

Y

g

.

e

WSS AAAY

»
-

l""

. ,-l','.'-f TP

e
<

"-)" L

_.‘\'_'u ot

Mol

A A

o R

N

XX

el

Y W N
‘.

<
L S



P ] W. .\.rw ¢

y P
w..- .”...”..m..\... DSOS LSS H...e.\. L“
P4 .
'
';
ol
v
M
.
__rw - ov
? {zve€r+2.6€111H0S= (2v6EH+2v6€D) 1 HOS= (100 0'6E3" 1 IXBIq<6E4)41= {10o0'0'6€3.IeIXEIq"|BIXRIG<6E4)I=| 6 €
o {2v8Er+2+8E LHOS= (2vBEH+2,8E0)1HOS= (100 0'8e31eIXRIQ<8ES)JI= {100°0'8e3.|e1xEIq'[RIXRIG<GES)H|=| 8 €
o ~ {2vlEr+2vZE1 LHDS= (2vZEHY2v2€9)1HOS= {100 0°2e3'[eIXRIqQ</Ed)dI= {100°0'2€3.1e1XEIq'jRIXRIG</EJ)JI=| L €
o {2v9er+2v9eNIHDS=| (2v9eH*2.9€D)1HDS= {100 0'9e3"|eIxRIg<gE4)qI= {100 079¢3. jleixRIqIRIXRIq<9E S} JI=| 9 ¢
w.u. {2vser+2.SeN1H0S= (2vSEH+2VSED) L HOS= {100°0'ceI1RIXRIQ<GE4)d|= {1oo0'se3.[eixeIq |RIXRIQ<GEI}HI=| S €
(evwer+z well LHOS= RPEH*2 W PED) LHDS= {100 0'veT'IRIXRIg<pE4) 1= (100 0've3.eixeigexeiq<yed)di=| ¥ €
2 (2vEEr+2veel) LHDS= (2vEEH+2vEED)1HDS= {100 0'ce3’eIXRIq<EEJ)dI= {100 0'cc3.|eixeiq’jeixelq<ged)d|=| € £
[ {gveer+2v el 1H0S= (2v2EH+2v2ED) 1 HDS= (100 0'2e3"|RIxRIqQ<ZES)d|= (100 0'ze3.jeixeiqjexeiq<zed}di=| Z £
u.v (evier+zviel1HOS= (2vIEH*2v1€D) 1 HOS= ~{100°0'1ET'[BIXRIq<| E4}JI= {100°0'1€3.jeixeIg’iBIXRIg<| £4)di1=] L €
w. (2v0eEr+2.0eN1HDS=|  (2vOEH+2v0EDILIHOS= {100°0'0e3’1etxRIq<0E ) 31= (1000’03, 1e1xeIq’jRIXRIG<0ES)dI=]| 0 €
7 {2v6er+2+621)1HOS= (2v62H*2v62D) 1 HOS= ~ {100'0'623"1e1xRIq<6Z4)4|= {100 0'623.1B1XBIq jEIXRIq<623)JI=] 6
" {evBzr+2.821)1H0S= {2v82H+2v82D) L HOS= {100'0'823'1e1xRIq<gZ 4} 1= (100 0'823.1e1XRIq’|RIXRIq<BZ ) JI=| 8 Z
& (ZvL3r+2v2211H0S= (2vlen+2v12ONIH0S= {100 0'223'IexeIq<zz4)di= {100 0'223.1emxeiq’exenq<;24)31=f £ ¢
B ~ {2v92r+2.,921)1H0S= (2v9ZH*+2v2ONHOS= {100°0'923"|e1xRIq<92{}4|= {100°0'923.1e1xeIq IeIXe1q<924)41=| 9 T
: {2vser+es2N1Hos= ~ {2vS2H*2vSZO)IHOS= {100°0's23'feIxeIq<GZ ) 41= {100 0'523.1eIxRIq [BIXRIq<GZ ) JI=[ $ 2
_{avwertewwzliyos=|  (2vweH*2vreDIIHDS= {100 0'v23'iEIXRIq<pE 3)dI= {100°0'v23, jeixeIq [RIXRIQ<p2d)di=| v T
(2v€2r*eve2il1H0S= ~ {2vE2H*2vE2ODNLHDS™ {100 0'cz3"leeIg<gz41dI= {1o00'cz3.(eixeiq’exeiq<gz3)3i=| € ¢
(2v2er+2.221)1H0S= {2vezH+2v22D) 1 HDS= “(100°0'223'|exeiq<gz4)dI= {100°0'2z3.1e1xeiq’iexeiq<zzdidI=[ 2 ¢
(2vizr-2.120140s= “(2v1ZH*2v129)1HDS (10007123 1eIxeIq<|Zd)41= {1o00"123.1eixeIq jeIxeq<124}41=| L ¢
T 3 1 oz 0
JOJ28A JOJOBA sjiey} s|lej| 61 Te)
ey xapn Ite} Jqi4 xinepw xinen[ et
Lt
91
einjie} xujew eJnjie) xuew| g
ym pajeposse yibuans xujew yum pajeposse yibuans seqy| v L
sauljap [ UwNjod saunjep | vwiniod] ¢ 1
zh
L
'
6
8 ’
z o4
3 b
NV uonenwis jesuswnu S o
v R
®1aq paiejnaed € W
ejje poile|ndjed z N
N s1sal jo ON 1 N
i » r ] ot
n- 1
W
..rn-.
[ .-.
e
.)n.
‘QA
r
l’..
.‘--.-




.
1

O

AP IS O R

" .

Pt *gat ¥4,

099200, 8%0.0% 440 $°9.0'9.8"

A

AL NN

G

o - s

:,FAP L “hr ,l‘-‘, > ‘\‘.i.u H{‘Vyﬂ‘. " ‘N e s Tﬂ&ﬂ. .‘-,P 7 S o \.“ .\bﬂhﬁlnnnnqn Pl .r'h\‘n 5 A JC R AP b dl! -Yi.
101d ALINGYE0Hd LNIOP Ly
HO4'SLld WO oy
(6£0INT= {6ENINT= 6EN= 6€1= 6EM= 6ET+6EN=| 6 €
{8E0OIN1= {8ENINT= 8EW= 8€1= B8EXN= 8E1+8EM=[ 8 €
(ze0INY= {LeNINT= LEW= [€1= 1EX= LE1HLEN=] L €
{9cOINT= {9eNINT= 9EN= 9€1= 9EM= 9€71+9EN=| 9 €
(seoN1= {SENINT= SEN= GE= GEN= SEV+SEN=[ S €
{(YcOINT= {reNINT= YEW= rel= YEN= vE1+PEN=| ¥ £
{ecOINT1= {eeENINT= €ENW= €E1= CEN= EE1*EEN=| £ €
{2e0INT= {2eNINT= CEN= 2€1= ZEN= ZE1+eEN=| T €
{1EOINT1= {1eNINT= LEW= 1€7= LEN= IETHIEN=] L E
{oeOINT= {oeNINT= 0EN= 0€1= 0EM= 0€1+0EN=| 0 €
(620IN1= (62NIN1= 62W= 621= 62NM= 621+620=[ 6 Z
(820INT1= {82NINT= B8ZN= 821= g2N= 8z1+82)=[ 8 2
{120N1= {Z2NINT= LZN= 127= L2)= L=l L e
{920N1= {92NINT= 9ZN= 9Z1= 92ZH4= 9271+92)%=] 9 ¢
{s20OIN1= {seNINI= SeN= AN S2N= G21+52H=| § T
(Y2ONT= (P2NINT= YW= y21= P2U- ZAZAE KX
{e2OINT= {e2NINT= €IN= £21= €= €z1+eeH=| £ ¢
{z2ON1= {zeNINT= ZIN= 221= A= zereeH={ T ¢
(1zoNT= {12NIN1= 12N= 121= 1= FALIYAE XA
1Ly 7Y X 1 1 x[oz
JOI08A JOJOBA JOJ08A JOIOBA 61l
yibuens ey xny [EIRCIE] ybvens[ e
paiapiQ pasapIO [FEYETTS) paiapi0 palapIO paziyeay| 2 1
91
eoeds yibuans Aujiqeqoid juiop St
ay) sauljap | pue § 0} D Suwnjod ‘g [ A
el
aoeds yibuass Aouanbaiy aanejay A
8yl SaUBp N PUB d O] N SUWNod G (3
01
ydesn 195019 6
0] uonoung wooqdeiog BIA N 0 N 8
pue ‘r o1 5 '3 o} g suwnjoo Ado) ¢ 2
9
duwnjo) Aq SHOJON 1OS '€ NAeews tewslnns=| s
uoldung MoN ajejnoied BIA ajenoed’eg 1 4
uoneId woyy 2eH (enie/1)viN/OPMI=]| ¢
ulewop paziewiou Ul ones ssans ovZ= ovzZ= P4
paijdde - e1ay) pawrojsuer] 1951 {eilep palajua) 61| ¢

H ) d [¢] N n

_-w“-. Pu\.u\ ...“ ~ Mﬂ

59

-- I.- -, 2

{;,\"f ‘J',,;J- ;\'4-

At IO P

o

- ” - - L]
- "o
s .80 Wy,

.
'\"

Ll oot

o

f-f‘l 'J‘"("-l"?'

(M Y N

. , 1* oIy

v
L4

'y l‘!‘l'o ¥

o

?
4



TR \
\
L
s
!

-~

L

TETAT YL

"

ke

SO

>~

n

"

A A

ol

—rrYr

P

Y

g

n

M

Sty

3

”

-

66666 0 (Tivn-1INT-INT= {{ene/1 ] (Clen-1INT- D) @13aINI=] L ¥
(eex 1zxINNsS=|  Teem 1zZMINNS= 100000 {{orn-1INTINT= {{Tejie/1)v{lovyn-1INT-)).B19qINT=| O ¥
{6EWINT= Bjje,6EN= {1+N)/6EV= {leen-1INT-INT= (6edINT=| 6 ¢
(8eWINT= ejle,8EW= {1+N)/gev= {(8en-1INT-INT= {sedIN1=[8 €
{LeWINI= Bjje /W= (1+N)/Lev= {zen-1INT-INT= {zedN1=| 2 ¢
{9enINT= ejie,9eN = (1+N)/9ev= {{loen-1INT-IN1= {oedIN1=[ 9 ¢
{sewINT= e)[e,GEN= {1+N)/SEV= {lsen-1INI-INT= (sedIN1=[ S €
{vewINT= ejle, FEN= (1+N)/vev= {lven-1INT-INT= {vedIN1=| v £
{EenINT= Bl EEN= (L+N)/eev= {leen-tINT-INT= {eedIiN1=|[ £ ¢
(ZEWINT= Bj|evZEN = {1+N)Zey= {zen- 1IN INT= zedINI=[ e ¢
(tewiNT= Bjjey | gN= {1+NV/iev= {iten-1INT-INT= {tedN1=] L €
{oewINT= ejfe, 0EW= (L+N)/oev= {{oen-1INT-INT= {oediN1=J o ¢
{62WINT= ejie,62N= (1 +NV/62v= {le2n-1INT-INT= (62dIN1=[ 62
{82WINT= ej|e 82N = (1+N)/82v= {{8zn-1INT-INT= {82dIN1=[ 8 ¢
{Z2WINT= ejfey/2N= {L+N)/L2v= {{zen-1INT-INT= {22dN1=l L e
{9eWINT= Bjle, 92N = {1+NJ/92vy= {{9zn-1INTINT= {a2dINI=[ 92
{SZWINT= BJ{e,G2N= {1+N)/s2V= {{szn-1NT-INT= (szdNT1=[ s 2
"AINT= Bjle, p2N= (1+N)/vev= {lvzn-1INT-INT= (vzdIN1=[ v 2
{e2nINT= Bj[e EIN= {L+N)/egv= {leen-1INT-INT= {ezdiN1=[ e 2
(zewIN= ejlevZZN= {L+N)/22v= {{(zzn-1INT-INT= (2Z2dN1=] 2z 2
(1IZNINT= ejey 12N = (i+N)/iev= izn- 1INV INT= (P8 X3
4 .d xuloz o
(1x}uj BjeyIx yuey Kinqeqoid 61 ©

pardadx3y o '
paiapio] L 1
91
Si
Vi
cl
Tt
1l
0l
3
]
L
9
S
v
€
[3
1

X M A n 1 s

s 4gd

185 b2

o




S SV AR L S

eje vo_mum:
“TIN/ovX)-{loym/ovA))/L= {6eA 1ZAINNS=
TeewINT).(ejev6eNW)=
{{sewINT). (BB BEW)=
{{zewINT). ()R LEW)=
{{oewiInT).(ej1e 9EW)=
{lsewIn).(ejie.SEW)=
{lrewINT).(lejie.pEN)=
{leewINT).(eyievEEN)=
(ZewINT). (e enwl=
{liewiINT).(ejievien)=
{ToewINd).(ejie.0c )=
{lezwINT).(ejlev62W)=
{{szw)NT).(eje.82nW)=
({ZzwINT].(ejevzzn)=
({9zwINT).{epe 92W)=
{{sewINT).(ejie.S2W)=
{lvewInT). lejievrew)=
{{ezwInT). (el c2W)=
(lzzwiNd).(ejievzzW)=
{Tizwin).lepeviend=

(v [T epeyix)

NN

«
-

PCCOLS —-r .-"'-_\.r\.: e

L I A AL
b

-

-!'vf'"-f‘ W)

L
Py

S

A p




gt

-

SR8 Y e 8

va &%

o

a8, aY " ate By’

-

l.ny),b!h;h.i i a5 o _M - !.-( ll-., D XK PE K i L H-Qvn\,.v\.\ B s .-.-..&.v\,\iv i,v .-.\. PR NPT LS M DA & _w
Ly
ov

0 201 001 0 001 000 0 001 001 66 96 €0 | 001 85890 [SE090 [61 6¢
101 0 95 9§ 0 95 0 9G 000 0 90°'S/l  [95°0 86 9£G0°0 [F1920 [81 3
0 001 (22 (7 0 v/ 0 v/ 00 0 0 66 9EL [v/ 0 101 59610 [v2s80 |21 LE
0 001 v9 v9 0 ¥9'0 v 9 00 0 ) 83 1GI [p90 86 ¥S01 0 [60E2 0 |91 9¢
0 66 96 0 96 000 0 96 0 96 822l £E'| 96 8F860 [29600 [S1 St
0 86 06 06 0 060 06 00 0 0 16601 [060 66 Z2vv 0 Josie0  [vi ve
0 96 66 0 66 00 0 0 66 0 66 0€ v6 01 66 €910 [/9/€0 [EI €€
96 0 101 101l 0 10'1 101 00 0 0 6v 101 (101 €01 80S90 |[r8860 [cI z€
0 96 96 0 96 000 0 96 0 96 vl 96 66 0 96 90290 [£290°0 L LE
0 96 19 9 0 2970 E) 000 0 SL6vL  ][90 001 LEZL0 66090 [0} o€
06 0 96 0 96 000 0 96 0 96 vS 9/ SZ'1 96 12560 [9/90C 6 62
z8 0 96 96 0 960 96 000 0 08201 960 86 BESS O [862€ 0 8 8¢
18 0 86 0 86 000 0 86 0 86 87 26 901 86 leveL 0 [BsEZ 0 N L7
v 0 18 19 0 1870 18 00 0 0 12221 [180 001 ¥00E0 [6¥09 0 9 97
0/ 0 001 0 001 000 0 00°1 001 6% 98 91| 001 /8/8°0 Jo22i 0 S X4
/9 0 Z8 28 0 280 28 000 0 B8 ¥ZL [280 201 EE0E0 [B2S6 0 v X3
v 9 0 Zo1 0 201 000 0 2071 2ot 6S 8/ 62t Zol 92/6'0 [E/160 € (X
8S 0 85 8S 0 850 85 00 0 0 000/1 [8S°0 86 92900 [€662°0 3 T
95 0 0L 0/ 0 0.0 0/ 00 0 0 6€'GEL 0.0 v6 02510 [11E00 i 12
1 i] X 1 ] 1 3 1 1 XX X X 18qunu | 1aquinu 07
JO108A | 10108A 1101097 10198A | 10128A sjiey sitej s|te} s|ie} ones [yiBuans| yibuans | wopues | wopues 6
ey xnaw e} iqidjyibuangiie; xawipey aqi4 [ ximew | xuujew JELTT] 18qu) | yibuans| xinew jeqyy g8l
paiapIO | patspiO |pazieay 21SuUIU) 21
91
St
v
cl
Zt
0
[
6
8
L
9
8y S8 Nvan| wis ‘wnu S
1 Zeeq] ¥
ponesall woyy oedf2L 16 ejaq |paieg|nofed S¥ elay| S zejief ¢
roz2'L 822 B)|e  [paiejndes vS8.°0 ueipel oot teeq] ¢
{eyep paiaiualjoo 6l N __[sisal jo oN 001 1/71eixelq og rejiel

O | N ] 1 X | or ] H 3] 4 3 a o) a v

-
n

N

Rt tatiotiy

N




L8’

g, 4"

(R

o o o ot SR P
. atho o La s T AT Al A

LA -

L

B o e P 3 o L [of ¢ P8 . T ﬂ..mF-nl-l.. AT AN rn..«--\..-.......\-h “-Mu\%..-t‘%
ej|le paleial} 66666 [EYV S 9vs8 v g0Hd INIOr Ly
GZEYY9Le L [91+359') 10+32r'8 51+329°¢ 10000 [€1SL1L- |[99€6'2 | YOJSLd O oy

G1+3€9't 00+309 ¢ PLEIVS'E 056" L6001 29y 96'9- |29V c0} 6
elL+321 ¢ j00+3€E0 ¢ c1+392'S 006 PE€8 0 c9'v 29y [96'9- |10 8 €
pL+389°L 00+30€ ¢ £1+326'€ 058" 0v¥9°0 19 |96°9- [19¢ |00l lt
€L+311°9 00+341 ¥ HAEA 008" 9/p'0 |09 [96'9- [09Fv 0O} 9¢
SL+3p2'L 00+3.S'¥ LANE 1744 05, /260 [65% 969 |66y |66 S¢
pi+3PEL 00+305 ¥ ¥i+3€9°1L 002 9810 ([8S'y [96'9- [BSP (86 Ve
S1+306'1 00+36S ¥ vi1+392°¢ 059’ 6v0°0 |/SP 959 ISPt [96 €€
GL+38L°L 00+329 ¢ P1+358'€ 009° /80°0- |96 % [9S'F [96'9- |96 ¢
SL+3LL°1 00+395 ¥ yi+396°¢ 0SS” G2Z2'0- [9S'F |96'9- [9S'¢ |96 1€
£1+368'L 00+30C ¥ £1+388°1 100G~ 9€°'Q- 95¥ [9G6'9- [95'¢v |96 0¢
Gi+384°1 00+395 ¢ pL+365°¢C Sh’ PiG0- [0Sk 0S¥ [95'9- (06 62
SL+361°1 00+39S ¥ P1+329¢ 00y 2/9°0- |ovy [obv [969- [C8 82
SL+30%°L 00+38S ¥ P1+350°€ 0SE” cy8'0- |ob'P |OV'P [96'9- |iB LT
pL+3IGE 00+30V ¥ E1+366'L 00€” LE0'L- Joe'y joEb |99 (¥l 92
S5L+304°L 0+319'y r1+389'€ 214 9ve L- |v2v |¥2 ¥ [95'9- [0 s
vi+38S'€ 00+30¢ v €1+3€1'8 002" 00G'L- [0Cy [0c'v (969~ |L9 (X4
G1+3v8°1 00+329'% r1+366'€ 0s1- Z18°L- vy iy |96°9- b9 X4
€1+369¢ 00+390 ¢ SL+3Y9'9 001" 0G2'2- [90'y |90y 969~ IBS (X4
pi+301°1 00+3p2 ¥ €1+365 2 050° 0/62- [0y €0y [96°9- [9S L2
4 «d xuy Ly 1y Xxjoz
wjur J(egeyix] (1xjuy ej(eyx yuey qoid 101900 [ 6t
paoadx3] wior \jibuang| gt
pa1apIOPalapIOpalapIo|pasepIO| L 1
9l
St
vt
g1l
Tz
[
01
6
8
L
9
S
ydeig 19%ou) of uonoung %ooqdelog BIA 1 0l N PUB '* 0] § '3 0} 0 Suwnjod AGoD v )
18pi0 Buipuadse Ui g uuinjo) AqQ SHOJON UoS'e €
| “uonsuny moN elgndje) BiA eieindjeyy 3
ulewop paziewiou ui oles ssans paldde - ejay| pawiojsuel] 195} 1

Z A X I M TA] n | 1 | s [ 4] o d

Xl

63

Cw's''s

>

-,l'-

el

PGPV Y VORI Py

o

A A A e Ve e

Al

N
I

W N L N LY T S
Y '|-".\

NA IO NS TR TR P T WOV '\-'*\J'\._\',

A

POy

»
s )



~ S

W

YN AR O A xR A AR

N A0 2t QY AR AN

APPENDIX D
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A Gauss Quadrature method [Ref. 19] was used for the integration of the Expected
Value mean [U = f [1-F(ISD] ds] in order to find the theoretical model mean strength
distribution in the stress domain for each of the seventeen (17) applied stress ratios based
on a particular combination of the joint probability shape (o1 and a2) and scale (B and
B2) parameters. The computer program was formatted in Microsoft Basic. There were
two basic programs developed:

(1) the mean integration for the applied stress ratios which were based on the

normalized zero (0) through ninety (90) degree radial loading paths:

REM GAUSS QUADRATURE MEAN INTEGRATION
REM MEAN INTEGRATION FOR NORMALIZED THETA=0 TO 90

OPEN "MEAN DATA AA="FOR QUTPUT AS #7
enter:

DIM gnums(48)

REM type gnums constants here

gnums(1) = -.9951872199970214#

gnums(2) = -.9747285559713095#
gnums(3) =-.9382745520027328#
gnums(4) =-.886415527004401#
gnums(5) =-.82000198597330294#
gnums(6) =-.7401241915785544#
gnums(7) =-.6480936519369755#
gnums(8) =-.5454214713888395#
gnums(9) =-.4337935076260451#
gnums(10) =-.3150426796961634#
gnums(11) =-.1911188674736163#
gnums(12) =-6.405689286260564D-02

FORi=13TO 24 STEP 1
gnums(i) = -gnums(25-i)
NEXT i
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gnums(25) = .0123412297999872#
gnums(26) = 2.853138862893366D-02
gnums(27) = 4.427743881741981D-02
gnums(28) = 5.929858491543678D-02
gnums(29) = .0733464814110803#
gnums(30) = 8.619016153195327D-02
gnums(31) = 9.761865210411388D-02
gnums(32) = .1074442701159656#
gnums(33) = .1155056680537256#
gnums(34) = .1216704729278034#
gnums(35) = .1258374563468283#
gnums(36) = .1279381953467522#

FORi =37 TO 48 STEP 1
gnums(i)=gnums(73-i)
NEXT i

REM THETAS=NORMALIZED THETA
10 PRINT "input THETAS (in degrees)";
INPUT THETAS

IF (THETAS<0) THEN CLOSE #7
IF (THETAS<0) THEN STOP

PRINT #7,"THETAS=",THETAS

REM input limits of integration here (right > left)
PRINT "input the limits of integration (right > left)"

PRINT "input left";
INPUT left

PRINT#7,"left limit of integration=";left

PRINT input right";
INPUT right

PRINT#7,"right limit of integration=";right
REM A1=ALFA1; A2=ALFA2; B1=BETA1; B2=BETA2

REM ALFA AND BETA ARE SHAPE AND SCALE PARAMETERS
REM RESPECTIVELY

»
- e ]

A1=60
A2=5
B1=100
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B2=1

REM SIGMA=SIGMA2/SIGMA1
THETAS1 = THETAS *3.141592654# / 180
SIGMA=TAN(THETAS1)"B2/B1

REM THETA=PHYSICAL THETA
THETA= ATN(SIGMA)

c1 = -(left + right) / (right - left)
c2 = .5 " (right - left)

ANSWER=0

REM FUNCTION TO BE INTEGRATED

FORi=1TO 24
X = (gnums(i) - ¢1)*c2

F = EXP(-((X"COS(THETA)/B1)*A1 + (X*SIN(THETA)/B2)*A2))
ANSWER = ANSWER + gnums(i+24) * F

NEXT i

ANSWER = ANSWER * c2

PRINT "ANSWER = " ANSWER
PRINT

PRINT #7,"ANSWER="ANSWER
PRINT #7," "

GOTO 10
END

(2) the mean integration for the applied stress ratios which were based only on the
normalized (uniaxial) zero (0) and ninety (90) degree radial loading paths:

REM GAUSS QUADRATURE MEAN INTEGRATION
REM MEAN INTEGRATION FOR NORMALIZED THETA=0 AND 90 ONLY

OPEN "MEAN DATA A="FOR OUTPUT AS #7
enter:

DIM gnums(48)

REM type gnums constants here

gnums(1) = -.9951872199970214#

gnums(2) = -.9747285559713095#
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-.9382745520027328#
-.886415527004401#
-.8200019859739029#
-.7401241915785544#
-.6480936519369755#
-.5454214713888395#

-.4337935076260451#
) =-.3150426796961634#
) =-.1911188674736163#
)

gnums(3
gnums(4
gnums(5
gnums(6
gnums(7
gnums(8
gnums(9
gnums(1
gnums(1
gnums(1

)
)
)
)
)
)
)
0
1
2

=-6.405689286260564D-02

FORi=13TO 24 STEP 1
gnums(i) = -gnums(25-i)

123412297999872#
2.853138862893366D-02
.427743881741981D-02
.929858491543678D-02
.0733464814110803#
.619016153195327D-02
.761865210411388D-02
.1074442701159656#
.1155056680537256#
.1216704729278034#
.1258374563468283#
.1279381953467522#
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FORi =37 TO 48 STEP 1
gnums(i)=gnums(73-i)
NEXT i

REM THETAS=THETA NORMALIZED
10 PRINT "input THETAS (in degrees)";
INPUT THETAS

iF (THETAS<0) THEN CLOSE #7
IF (THETAS<0) THEN STOP

PRINT #7,"THETAS=",THETAS

REM input limits of integration here (right > left)
PRINT "input the limits of integration {right > left)"

PRINT "input left";
INPUT left

.
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PRINT#7,"left limit of integration=";left

PRINT"input right";
INPUT right

PRINT#7,"right limit of integration=";right

REM A1=ALFA1; A2=ALFA2; B1=BETA1; B2=BETA2
REM ALFA AND BETA ARE SHAPE AND SCALE PARAMETERS
REM RESPECTIVELY

A1=60
A2=5
B1=100
B2=1

REM THETAS1=PHYSICAL THETA
THETAS1 = THETAS *3.141592654# / 180

c1 = -(left + right) / (right - left)
c2 = .5 " (right - left)

ANSWER=0

REM FUNCTION TO BE INTEGRATED
FORi=1TOQ 24
X = (gnums(i) - c1)*c2
F = EXP(-((X*COS(THETAS1)/B1)*A1 + (X*SIN(THETAS1)/B2)*A2))
ANSWER = ANSWER + gnums(i+24) * F
NEXT i

ANSWER = ANSWER * c2

PRINT "ANSWER = ";ANSWER
PRINT

PRINT #7,"ANSWER="ANSWER
PRINT #7," "

GOTO 10
END
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APPENDIX E
SIMULATION/MODEL MEAN STRENGTH WORKSHEET

This parti-ular worksheet exhibited the formulation of the mean strength failure
envelopes or failure surfaces in the stress domain as defined by the failure criteria for both
cases. For the biaxial L/T numerical simulation and the theoretical mathematical model, the
failure envelope or failure surface was defined as:

(1) the mean strength distribution or contour of the seventeen (17) applied stress ratios

for a particular sample size and a particular shape parameter (] and a2) combina-
tion with the mean strength distribution or contour normalized by the joint

probability function (uniaxial) scale parameters (B and 32).

(2) the mean strength distribution or contour of the seventeen (17) applied stress ratios
for a particular sample size and a particular shape parameter (&1 and a2) combina-

tion with the mean strength distribution or contour normalized by the mean strength
at the normalized (uniaxial) zero (0) degree and ninety (90) degree radial loading
paths (transformed theta) respectively.
A mathematical mean function based on the uniaxial longitudinal and transverse scale
(B) and shape (o) parameters and the Gamma function was used at the normalized
(uniaxial) zero (0) degree and ninety (90) degree radial loading paths for correlation of the

numerical simulation and theoretical model mean strengths at the respective radial loading

paths. The mathematical mean function was defined as: pu=pI'(1 + 1/a) [Ref. 20].
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APPENDIX F
RELIABILITY/FAILURE FUNCTION WORKSHEET

This particular worksheet exhibited the formulation of the joint probability reliability
and failure functions based on a applied stress ratio and a particular combination of the joint

probability shape (] and &2) and scale (B and 32) parameters.
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APPENDIX G
' PERCENTILE STRENGTH WORKSHEET - i
3
o
X This particular worksheet exnibited the formulation of the percentile strength failurc . s
| )
envelopes or failure surfaces in the stress domain as defined by the theoretical model failure
u . . . . . .
g criteria. The percentile failure contour was obtained at the different combined stress levels -
]
\ - — . '
I by assigning F(IS!) a constant percentile (i.e., F(ISI) = 0.10 for the ten (10) percentile -
rd
contour) and solving for (ISI) by iteration. This iteration was repeated for the seventeen ]
X
L (17) applied stress ratios for a particular combination of the joint probability shape :
; S
1]
) parameters (0t] and a2). .':
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